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Abstract
Owing to the non-differentiable nature of the theory of Scale Rel-
ativity, the emergence of complex wave functions, then of spinors
and bi-spinors occurs naturally in its framework. The wave function
is here a manifestation of the velocity field of geodesics of a con-
tinuous and non-differentiable (therefore fractal) space-time. In a
first paper (Paper I), we have presented the general argument which
leads to this result using an elaborate and more detailed derivation
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than previously displayed. We have therefore been able to show how
the complex wave function emerges naturally from the doubling of
the velocity field and to revisit the derivation of the non relativistic
Schro¨dinger equation of motion. In the present paper (Paper II) we
deal with relativistic motion and detail the natural emergence of the
bi-spinors from such first principles of the theory. Moreover, while
Lorentz invariance has been up to now inferred from mathematical
results obtained in stochastic mechanics, we display here a new and
detailed derivation of the way one can obtain a Lorentz invariant ex-
pression for the expectation value of the product of two independent
fractal fluctuation fields in the sole framework of the theory of Scale
Relativity. These new results allow us to enhance the robustness of
our derivation of the two main equations of motion of relativistic
quantum mechanics (the Klein-Gordon and Dirac equations) which
we revisit here at length.
KEYWORDS: Scale relativity; Relativistic quantum theory; Spinors;
Lorentz invariance.
1 Introduction
From a physical point of view, the theory of Scale Relativity (SR)
is the generalization to scales of the relativity principle of motion
which underlies the foundation of a large part of classical physics.
From a mathematical point of view, it is the giving up of space-time
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differentiability. Both generalizations result in the fractal nature of
space-time [1].
One of the main achievements of this theory is the foundation of
quantum mechanics on first principles. In its framework, the quan-
tum mechanical postulates have been derived and the complex, then
spinorial, then bi-spinorial nature of the wave function has been nat-
urally recovered [1, 2, 3, 4, 5], while the corresponding quantum
mechanical motion equations, the Schro¨dinger [1], Pauli [3], Klein-
Gordon [6, 7] and Dirac [4, 5] equations have been demonstrated.
The theory has also allowed us to generalize the quantum me-
chanical motion equations to the macrocopic realm. This is obtained
when the ratio of the reduced Planck constant ~ over twice the elec-
tron mass, operating in the microscopic domain, is given a more gen-
eral interpretation in terms of a macroscopic constant D whose value
is linked to the physical system under study. We have been therefore
able to derive a macroscopic Schro¨dinger-like equation with numer-
ous applications in physics and other fields (see, e.g., Ref. [8] for a
review) and a macroscopic Dirac-like equation whose non-relativist
limit might tentatively reproduce some turbulent fluid behavior [9].
The emergence of the complex numbers and their generalizations,
the quaternions, and the bi-quaternions, is issued from the successive
doublings of the velocity fields due to the non-differentiability of the
fractal functions representing the space-(time) coordinates. These
doublings have been extensively studied in previous works (see, e.g.,
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Ref. [8] for a review).
Now, a new and more detailed derivation of the way the two-
valuedness of the mean velocity field emerges naturally in terms of a
(+) and (-) velocity has been put forward in Ref. [10] (Paper I). It
yields V and U velocity fields, which are subsequently combined in
terms of the complex velocity field V = V − iU used in the geodesic
equation d̂V/dt = 0 written in the fractal three-dimensional space
and from which the Schro¨dinger equation is derived. We are led here
to generalize these results to the four-dimensional space-time, being
therefore allowed to recover the complex 4-velocity field needed to
obtain the Klein-Gordon equation.
We extend then this two-valuedness to successive other doublings.
We obtain thus naturally a more symmetric expression than that
provided in Refs. [4] and [5] for the bi-quaternionic velocity field
yielding the bi-spinor and the Dirac equation, from which the spinor
and the Pauli equation have been derived [3].
Another essential tool used to derive the quantum mechanical
motion equations is the expectation value of the product of two
independent fractal fluctuation fields. Its expression appears most
naturally in the non-relativistic three-dimensional generalization of
the theory, then in its four-dimensional relativistic version. Due to
the stochastic nature of these fluctuations, the transition from non-
relativistic to relativistic motion allows us to write a Lorentz invari-
ant expression for this expectation value in the relativistic case and
4
therefore to obtain the Klein-Gordon and Dirac equations. The tran-
sition from non-relativistic motion to the relativistic Klein-Gordon
equation has been first implemented in the framework of stochastic
mechanics [11, 12, 13] and the mathematical tools thus provided have
been applied to the scale relativistic fractal fluctuations allowing us
to obtain the relativistic equations of quantum mechanics [4, 5, 6, 7].
We propose here a new derivation of the way one can obtain this
Lorentz invariance in the sole framework of SR.
The structure of the present paper is as follows. In Sec. 2 we
generalize the results of Paper I [10] to the full space-time of the
relativistic case and obtain naturally the emergence of Lorentz in-
variance in the framework of SR, allowing us to give in Sec. 3 a
more accurate derivation of the relativistic Klein-Gordon and Dirac
equations. Section 4 is devoted to the conclusions.
2 Lorentz invariance of the relativis-
tic tools of SR
We begin by recalling below the main equations displayed in Paper
I [10] which we will need here for our purpose. It has been shown
in Paper I [10] that the differential element dX(x(t), t,dt, εt) used
in the definition of a fractal velocity field V (x(t), t,dt, εt) = dX/dt
considered on a fractal curve, with the time coordinate t as a param-
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eter along this curve, can be decomposed into a differentiable linear
contribution and a non-linear fractal fluctuation, such as
dX = V [x(t), t]dt+ U [x(t), t]εt + dξ. (1)
The fractal fluctuation, dξ, has been there described by a stochastic
variable which possesses the nature of a space resolution εx > 0, i.e.,
dξ = η εx, (2)
where η is a dimensionless variable, normalized according to 〈η〉 = 0
and 〈η2〉 = 1. When the fractal dimension exhibits the critical value
Df = 2 [1, 7, 14], the space and time resolutions are related by
εx =
√
2D εt. (3)
We have therefore obtained
dX = V [x(t), t]dt+ U [x(t), t]εt + η
√
2D εt. (4)
On the interface εt = |dt|, which defines the physical fractal deriva-
tive, this becomes
dX = V dt+ U |dt|+ η
√
2D |dt|. (5)
Two possibilities occur therefore for the elementary displacements
dt > 0 : |dt| = dt, dX+ = (V + U)dt+ η
√
2D dt. (6)
dt < 0 : |dt| = −dt, dX− = (V − U)dt+ η
√
−2D dt. (7)
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By setting v+ = V + U and v− = V − U , the two-valuedness of the
mean velocity field has been recovered in the non-relativistic case
described in Paper I [10].
We consider now the relativistic case and derive a relativistically
covariant expression for the expectation value of the product of two
independent fractal fluctuation fields needed to complete the deriva-
tion of the Klein-Gordon and Dirac equations in SR.
The generalization of the results displayed in Paper I [10] to a
four-dimensional space-time runs as follows. The curvilinear param-
eter along the geodesics is now the invariant s. Not only space, but
the whole continuous space-time is assumed to be non-differentiable,
hence fractal. We can write the elementary displacement, dXµ, for
each coordinate xµ, µ = 0, 1, 2, 3, along a geodesic of fractal dimen-
sion Df = 2 as
dXµ = V µ[xµ(s), s]ds+ Uµ[xµ(s), s]ǫs + dξ
µ, (8)
with
dξµ = ηµǫxµ , (9)
where the ηµ’s are dimensionless variables normalized according to
〈ηµ〉 = 0, 〈ηµην〉 = δµν , and
ǫxµ =
√
2D ǫs. (10)
At the interface where the derivatives with respect to s take their
physical values whatever the scale, we make the particularly mean-
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ingful choice ǫs = |ds| which implies
dξµ = ηµ
√
2D ǫs = ηµ
√
2D |ds|. (11)
In the case ds > 0 for each µ, we thus obtain
dξµ+ = η
µ
√
2D ds, (12)
and in the case ds < 0 for each µ,
dξµ− = η
µ
√
−2D ds. (13)
This implies
〈dξµ±dξν±〉 = ±2Dδµνds. (14)
We consider now that each dξµ behaves such as an independent
fractal fluctuation around its own mean equal to zero, in accordance
with 〈ηµ〉 = 0. This justifies to consider it as a stochastic process
which we choose to be of Berstein type, since such a type includes
a large class of stochastic processes among which Markov and anti-
Markov processes. We inspire ourselves here from the reasonings put
forward by Guerra and Ruggiero [11] and Serva [12] in the framework
of a stochastic diffusion theory, while adapting them to the scale
relativistic concepts.
The reasoning proposed in Ref. [11] takes into account the fact
that time and space play formally an identical role in relativistic
theories. The authors of Ref. [11] consider therefore that a particle
can change direction not only in space, but also in time. A particle
moving backward in time can be interpreted as an antiparticle and
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the point of inversion of its temporal motion can be interpreted as a
point where pairs of particles are created or annihilated. Generally,
the trajectory of a particle can intersect many times a hyper-surface
of constant time coordinate t. The theory can thus be thought of
as describing a many particle system with creation and destruction
of pairs. A possible interpretation is that the four-dimensional one-
particle process is merely a mathematical “trick” used to describe
a many particle system. The invariant s has therefore no physical
meaning. It is merely a tool used to associate a probability measure
to any possible realization of the many particle process.
Another possible interpretation, put forward in Ref. [12] and
mathematically equivalent to the previous one, is that the one-particle
trajectories possess a physical meaning and that a microscopic parti-
cle can actually invert its temporal motion. The invariant parameter
s is here still a tool used to associate a probability to each realization
but it also appears as a generalization of the proper time.
We want to stress now that, at variance with the method de-
veloped in Refs. [11] and [12], we do not consider here the inver-
sion of the invariant parameter s, but the breaking of the symmetry
ds↔ − ds. However, as regards the above interpretation in terms of
backward motion on the fractal geodesics considered here in a local
sense and creation and annihilation of pairs, an inversion of ds is
physically equivalent to an inversion of the parameter s itself. This
has already been stressed in Ref. [8]. Following a reasoning inspired
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by Serva [12], we consider two classes of stochastic processes that
both contain a combination of Markovian and anti-Markovian pro-
cesses and can be thought of as Berstein processes: the first with a
positive increment of the s parameter for the time coordinate and
negative increments of this s parameter for the space coordinates,
the second with a negative increment of the s parameter for the time
coordinate and positive increments of this s parameter for the space
coordinates.
We choose thus, for the first process denoted 1, ds > 0 for the
X01 coordinate, which gives
dX01 = V
0
1 ds+ U
0
1ds+ η
0
1
√
2Dds, (15)
which we write
dX0− = v
0
−ds+ η
0
−
√
2Dds = v0−ds+ dξ0−, (16)
with v0− = V
0
1 + U
0
1 . And we choose conversely, for this process 1,
ds < 0 for the Xi1 coordinates, which yields
dXi1 = V
i
1ds− U i1ds+ ηi1
√
−2Dds, (17)
which we write
dXi− = v
i
−ds+ η
i
−
√
−2Dds = vi−ds+ dξi−, (18)
with vi− = V
i
1 − U i1. The upper index 0 denotes here the time coor-
dinate, while i = 1, 2, 3 denotes the spatial coordinates.
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For the second process denoted 2, we choose ds < 0 for the X02
coordinate, which gives
dX02 = V
0
2 ds− U02ds+ η02
√
−2Dds, (19)
which we write
dX0+ = v
0
+ds+ η
0
+
√
−2Dds = v0+ds+ dξ0+, (20)
with v0+ = V
0
2 − U02 . And we choose conversely, for this process 2,
ds > 0 for the Xi2 coordinates, which yields
dXi2 = V
i
2 ds+ U
i
2ds+ η
i
2
√
2Dds, (21)
which we write
dXi+ = v
i
+ds+ η
i
+
√
2Dds = vi+ds+ dξi+, (22)
with vi+ = V
i
2 + U
i
2.
Since 〈(η0+)2〉 = 〈(η0−)2〉 = 〈(ηi+)2〉 = 〈(ηi−)2〉 = 1 from our
normalization choice, we obtain from Eqs. (16), (18), (20) and (22)
〈dξµ±dξν±〉 = ∓2ηµνDds, (23)
where ηµν is the Minkowski metric with signature (+ − −−). We
have therefore demonstrated, in the framework of SR, how one can
pass from Eq. (14) to Eq. (23) and obtain a relation between the
fractal fluctuations which implements the Lorentz invariance of the
theory. Note that Eq. (23) has been, up to know, used at length
for the derivation of the relativistic motion equations of quantum
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mechanics, obtained with ~ = 2mcD [4, 5, 6, 7], and that a thorough
derivation of this equation in the context of SR should be indeed
welcome.
3 The velocity fields of the relativistic
quantum mechanical equations of mo-
tion
3.1 The velocity field of the Klein-Gordon equa-
tion
To recover the complex nature of the velocity field Vµ used for the
derivation of the Klein-Gordon equation, we use the following rela-
beling already displayed in Eqs. (16), (18), (20) and (22) but which
we recall here for convenience:
V 01 + U
0
1 = v
0
−, V
i
1 − U ii = vi−,
V 02 − U02 = v0+, V i2 + U i2 = vi+. (24)
We can set
vµ+ + v
µ
−
2
= V µ
vµ+ − vµ−
2
= Uµ. (25)
This amounts to combining together the two processes described
above so that the asymmetry between space and time needed to ob-
tain Eq. (23), which is the consequence of the request for covariance,
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disappears. Then, we combine the V µ and Uµ 4-velocity fields to
define the complex 4-velocity field
Vµ = V µ − iUµ. (26)
The free Klein-Gordon equation follows from the reasoning described
in Refs. [5] and [7] which is briefly recalled here.
From Eqs. (25) and (26), we can define a complex derivative
operator,
d̂
ds
=
1
2
(
d
ds+
+
d
ds−
)
− i
2
(
d
ds+
− d
ds−
)
, (27)
which, once applied to the position vector, gives the velocity field Vµ
of Eq. (26).
Now, the total derivative of a fractal function f(s, xµ) of fractal
dimension Df = 2 contains finite terms up to second order and can
therefore be written
df
ds
=
∂f
∂s
+
∂f
∂xµ
dXµ
ds
+
1
2
∂2f
∂xµ∂xν
dXµdXν
ds
. (28)
Substituting Eqs. (16), (18), (20) and (22) into Eq. (28) while using
Eq. (23), we obtain two derivatives which we write as
df
ds±
=
(
∂
∂s
+ vµ±∂µ ∓D∂µ∂µ
)
f. (29)
Since we consider only s-stationary functions, not explicitly depend-
ing on the proper time s, the complex derivative operator reduces
to
d̂
ds
= (Vµ + iD∂µ)∂µ. (30)
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The plus sign in front of the Dalembertian comes from the choice of
the metric signature.
To write the equation of motion, we use a generalized equiva-
lence principle. We obtain thus a geodesic equation in terms of the
complex derivative
d̂Vν
ds
= 0. (31)
We introduce a complex action according to
dS = ∂νS dxν = −mc Vν dxν . (32)
The complex four-momentum can thus be written as
Pν = mc Vν = −∂νS . (33)
Since the complex action, S , characterizes completely the dynamical
state of the particle, we can introduce a complex wave function as
ψ = eiS/S0 . (34)
It is linked to the complex four-velocity by Eq. (33), which gives
Vν = iS0
mc
∂ν lnψ. (35)
Substituting Eqs. (30) and (35) into Eq. (31), using the identity
displayed as, e.g. (57) in Ref. [5], and with the choice S0 = ~ =
2mcD, we obtain
∂ν
(
∂µ∂µψ
ψ
)
= 0, (36)
which can be integrated as the Klein-Gordon equation without elec-
tromagnetic field
∂µ∂µψ +
m2c2
~2
ψ = 0, (37)
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provided the integration constant is chosen equal to a squared mass
term, m2c2/~2.
3.2 The velocity field of the Dirac equation
The results obtained above induce us to propose a new method for
the construction, in the framework of SR, of the bi-quaternionic ve-
locity field used to derive the bi-quaternionic Klein-Gordon equation,
from which the Dirac equation is extracted [4, 5].
In addition to the definitions displayed in Eq. (24), we implement
as follows new doublings of the velocity field. We add first, to the
breaking of the symmetry ds↔ − ds, the breaking of the local sym-
metry dxµ ↔ −dxµ. In the non-differentiable case, there is indeed
no reason for dXµ to be equal to −(−dXµ) as in the differentiable
case. We can therefore add to the set of Eqs. (15), (17), (19) and
(21), a new set of equations
− dX01 = V¯ 01 ds+ U¯01ds+ η¯01
√
2Dds, (38)
− dXi1 = V¯ i1 ds− U¯ i1ds+ η¯i1
√
−2Dds, (39)
− dX02 = V¯ 02 ds− U¯02ds+ η¯02
√−2Dds, (40)
− dXi2 = V¯ i2 ds+ U¯ i2ds+ η¯i2
√
2Dds. (41)
We have now, with those of Eq.(24) which we recall below, four
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velocity fields:
V 01 + U
0
1 = v
0
−, V
i
1 − U i1 = vi−,
V 02 − U02 = v0+, V i2 + U i2 = vi+,
V¯ 01 + U¯
0
1 = v¯
0
−, V¯
i
1 − U¯ i1 = v¯i−,
V¯ 02 − U¯02 = v¯0+, V¯ i2 + U¯ i2 = v¯i+. (42)
We apply then the same reasoning to the Xµ ↔ −Xµ symmetry,
which is also broken in a fractal space-time. There is indeed no
reason for Xµ to be equal to −Xµ and this induces a new doubling
of the differential elements since dXµ has no reason to be equal to
d(−Xµ) and −dXµ has no reason to be equal to −d(−Xµ). We can
therefore add a new set of equations to Eqs. (15), (17), (19), (21)
and (38)–(41), which we write as
d(−X01 ) = V˜ 01 ds+ U˜01ds+ η˜01
√
2Dds, (43)
d(−Xi1) = V˜ i1ds− U˜ i1ds+ η˜i1
√−2Dds, (44)
d(−X02 ) = V˜ 02 ds− U˜02ds+ η˜02
√
−2Dds, (45)
d(−Xi2) = V˜ i2ds+ U˜ i2ds+ η˜i2
√
2Dds, (46)
− d(−X01 ) = V˘ 01 ds+ U˘01ds+ η˘01
√
2Dds, (47)
− d(−Xi1) = V˘ i1ds− U˘ i1ds+ η˘i1
√
−2Dds, (48)
− d(−X02 ) = V˘ 02 ds− U˘02ds+ η˘02
√
−2Dds, (49)
− d(−Xi2) = V˘ i2ds+ U˘ i2ds+ η˘i2
√
2Dds. (50)
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We can therefore construct four new 4-velocity fields
V˜ 01 + U˜
0
1 = v˜
0
−, V˜
i
1 − U˜ i1 = v˜i−,
V˜ 02 − U˜02 = v˜0+, V˜ i2 + U˜ i2 = v˜i+,
V˘ 01 + U˘
0
1 = v˘
0
−, V˘
i
1 − U˘ i1 = v˘i−,
V˘ 02 − U˘02 = v˘0+, V˘ i2 + U˘ i2 = v˘i+. (51)
We define now a set of eight 4-velocity fields constructed as
V µ =
vµ+ + v
µ
−
2
, Uµ =
vµ+ − vµ−
2
,
V¯ µ =
v¯µ+ + v¯
µ
−
2
, U¯µ =
v¯µ+ − v¯µ−
2
,
V˜ µ =
v˜µ+ + v˜
µ
−
2
, U˜µ =
v˜µ+ − v˜µ−
2
,
V˘ µ =
v˘µ+ + v˘
µ
−
2
, U˘µ =
v˘µ+ − v˘µ−
2
, (52)
which we combine to obtain four complex 4-velocity fields such as
W µ0 = V
µ − iUµ,
W µ1 = V¯
µ − iU¯µ,
W µ2 = V˜
µ − iU˜µ,
W µ3 = V˘
µ − iU˘µ. (53)
We can then construct the bi-quaternionic 4-velocity field such
as
Vµ = W µ0 +W µ1 e1 +W µ2 e2 +W µ3 e3, (54)
where the ei’s are the quaternion units. We see that this definition
is more symmetric than the one provided in Refs. [4] and [5], but its
17
nicer property is to proceed directly from the scale relativistic first
principles in a fully covariant and Lorentz invariant manner.
The derivative operator which, once applied to the position vector
Xµ, gives the velocity field defined by Eq. (54) is
d̂
ds
=
1
2
(
d
ds+
+
d
ds−
)
− i
2
(
d
ds+
− d
ds−
)
+
[
1
2
(
d¯
ds+
+
d¯
ds−
)
− i
2
(
d¯
ds+
− d¯
ds−
)]
e1
+
[
1
2
(
d˜
ds+
+
d˜
ds−
)
− i
2
(
d˜
ds+
− d˜
ds−
)]
e2
+
[
1
2
(
d˘
ds+
+
d˘
ds−
)
− i
2
(
d˘
ds+
− d˘
ds−
)]
e3. (55)
Substituting Eqs. (15), (17), (19), (21), (38)–(41) and (43)–(50)
into Eq. (28) while using Eq. (23) written as 〈ηµ±ην±〉 = ∓ηµν , we
obtain a bi-quaternionic derivative operator which, owing to the fact
that we consider only s-stationary functions, reduces to
d̂
ds
= (Vµ + iD∂µ)∂µ. (56)
We use now the generalized equivalence principle, as we did
in Sec. 3.1. In this case, Eqs. (31)–(33) still apply, while the bi-
quaternionic wave function is expressed in terms of the action as
ψ−1∂µψ =
i
S0
∂µS , (57)
using, in the left-hand side, the quaternionic product. This gives for
the bi-quaternionic four-velocity, as derived from Eq. (33),
Vµ = i S0
mc
ψ−1∂µψ. (58)
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Then, we proceed as in Sec. 3.1, using here the property of the quater-
nions,
ψ ∂µψ
−1 = −(∂µψ)ψ−1, ψ−1∂µψ = −(∂µψ−1)ψ, (59)
and we obtain, after some calculations [4, 5],
∂µ[(∂
ν∂νψ)ψ
−1] = 0. (60)
We integrate this four-gradient and take its right product by ψ to
obtain
∂ν∂νψ + Cψ = 0, (61)
which we recognize as the Klein-Gordon equation for a free parti-
cle with mass m (obtained for the choice of integration constant
m2c2/~2 = C), but now generalized to complex quaternions.
Then, we use a long-known property of the quaternionic formal-
ism, which allows one to obtain the Dirac equation for a free particle
as a mere square root of the Klein-Gordon operator [4, 5, 15, 16],
i.e., by applying twice to the bi-quaternionic wave function ψ the
operator ∂/c∂t written as
1
c
∂
∂t
= e3
∂
∂x
e2 + e1
∂
∂y
i+ e3
∂
∂z
e1 − imc
~
e3( )e3. (62)
Using the properties of the Conway matrices [16], we write then
Eq. (62) as the non-covariant Dirac equation for a free fermion,
1
c
∂ψ
∂t
= −αk ∂ψ
∂xk
− imc
~
βψ. (63)
19
The isomorphism which can be established between the quater-
nionic and spinorial algebrae through the multiplication rules apply-
ing to the Pauli spin matrices allows us to identify the wave function
ψ with a Dirac bi-spinor.
It is also important to stress here that the breaking at the local
level of the P symmetry, Xi ↔ −Xi, which transforms a dotted
spinor into an undotted spinor and conversely [17], disappears at the
global level thanks to the symmetry properties of the Vµ velocity
field due to its bi-quaternionic nature. The same reasoning applies
to the T symmetry, X0 ↔ −X0. The breaking at the local level
of this symmetry, which changes the wave function to its complex
conjugate [17], disappears at the global level of the Vµ velocity field
thanks to its complex nature. As requested by relativistic quantum
theory, these symmetries apply therefore to the full bi-spinor ψ as
defined by Eq. (58).
4 Conclusions
We have generalized the new reasoning displayed in Paper I [10],
leading to the natural emergence of the complex nature of the wave
function in SR, to the full four-dimensional space-time. We have
shown that the velocities become complex, then bi-quaternionic, be-
cause there are fundamental successive two-valuednesses of the mean
derivatives due to non-differentiability.
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The key point of the reasoning, which has been discussed in detail
in Paper I [10], is the fact that ds, which allows us to define the (+)
and (-) derivatives of the fractal coordinates, can be viewed either as
a differential element (in this case, it is algebraic) or as a resolution
interval, εs. Then its sign looses its meaning and it appears in scale
transformations in a logarithmic form. A particularly meaningful
choice for the scale variable is εs = |ds|. This special choice implies
to work at the interface where the derivative takes its physical value
whatever the scale. In a fractal space-time we are therefore led to
consider a fractal 4-velocity field V µ(xµ(s), s,ds, εs) = dX
µ/ds, so
that the differential element dXµ(xµ(s), s,ds, εs) can be decomposed
into a differentiable linear contribution and a non-linear fractal fluc-
tuation.
We have thus presented here a detailed derivation of the way one
can obtain a Lorentz invariant expression for the expectation value
of the product of two independent fractal fluctuation fields in the
sole framework of SR, while it had been up to now merely inferred
from mathematical results obtained in stochastic mechanics. This
relativistic and Lorentz invariant expression is a key step as regards
the ability to obtain the Dalembertian operator appearing in the
Klein-Gordon equation instead of the Laplacian operator showing in
the Schro¨dinger equation.
For this purpose, we have considered that each fractal fluctua-
tion behaves independently around its own mean equal to zero. We
21
have thus justified to consider it as a stochastic process which we
have chosen to be of Berstein type, since such a type includes a large
class of stochastic processes among which Markov and anti-Markov
processes. Following a reasoning inspired by Serva [12], we have
considered two classes of stochastic processes that both contain a
combination of Markovian and anti-Markovian processes: the first
with a positive increment of the s parameter for the time coordinate
and negative increments of this s parameter for the space coordi-
nates, the second with a negative increment of the s parameter for
the time coordinate and positive increments of this s parameter for
the space coordinates. Combining these processes, we have been
able to transform the Laplacian type expectation value of the prod-
uct of two independent fractal fluctuation fields into a Dalembertian
type one, implementing therefore in a robust manner the Lorentz
invariance of SR.
We have thus been able to revisit the derivation of the two main
equations of motion of relativistic quantum mechanics (the Klein-
Gordon and Dirac equations) from successive symmetry breakings
issuing naturally in the framework of the SR theory.
Acknowledgments. One of us, MNC, wishes to thank Daniel Su-
darsky for an interesting discussion about Lorentz invariance.
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